2-D/Axisymmetric

State Vector
In the finite volume context, integration of the dependent variables over the control volume about node i is performed as,
For two-dimensional _a --1, while for axisymmetric _a can be either taken as _a = Yi, for mass-lumping to the node, or as the y-value of the centroid of _i.
In the fluctuation splitting context, the parameter vector is taken to vary linearly over each element. For a perfect gas, changes to the conserved variables can be related to changes in the parameter vector as,
where w is a logical switch between two-dimensional (w = 0) and axisymmetric (w = 1) equations and,
TiP"a ----1 -w + wy (2) is 1 for two dimensions and y for axisymmetric. 
The integration over the triangular element is divided u --into thirds along the median-dual boundaries, as in Figure 1 , so that, The viscous axisymmetric source can be integrated using the Haselbacher 12 thin-layer approach (detailed in the following viscous flux section) as,
Mass lumping to the node for the first term yields,
while the second term is evaluated at edge midpoints.
Inviscid Flux
The finite volume discretization of the inviscid flux is performed as an average of the fluxes to the le£ and right of the control volume face, times the parameter wa (equal to 1 for two-dimensional or the y-value of the quadrature point on the face for axisymmetric) plus the artificial dissipation, which is defined as, ¢ = l .fil(UR -u.) (21) where by convention the right state is to the outside of the control volume while the left state is to the inside.
The parameter vector, Z --vffi [1, u, v, H] 
where the projected velocity is F = V.fi and the averaged speed of sound for a perfect gas is,
Integration of the inviscid flux for fluctuation splitting is performed as,
The y-component of the flux function can be written in terms of the parameter vector as,
A linear variation of the parameter vector over a triangular element can be represented as,
where 5ijk is the cyclic-permutation summation operator.
The linear variation can also be written in the element-local (_, 7) coordinates, referring to Figure 2, as,
The domain is on 0 _ _ _ _ and 0 _ _ _ _3. The cartesian coordinates map similarly, 
The last term of Eqn. 28 is distributed to the nodes in a manner similar to the source term, 
where dl_i = Fz dZ and,
The integration rule Eqn. 36 allows for the direct evaluation of Eqn. 40 as,
Noting that _ = _z Z O and,
with the tilde-averaged quantities defined as,
leads to the fluctuation expressed as,
Equation 46 includes the approximation,
A transformation of variables can be made to the auxiliary variables so that,
with, Ii°°1 0 _u (49)
Similarity transformations lead to,
The projection of fit has the simple form,
[ oo
where the projected velocity is F = _.V. The generalized advection speeds are, hi"
"_-7 -5.: _a
where the approximation Aj = WSXjOw has been incorporated.
Linearity preservation for second-order spatial accuracy is obtained by limiting the fluctuations componentwise,
where the second equalities hold for symmetric limiters. The limiting ratio is,
Cj
In vector form, Eqns. 59 and 60 can be written, with _*' = D_ _ (62)
Upwinding is achieved through the introduction of
where M_ = sign(s) and M 9 = sign(_). The absolute values of the generalized advection speeds are developed using the following decomposition, which is exact for the two-dimensional equations but approximate for the axisymmetric form,
where A remains as in Eqn. 24 and, which for I1)_ I > 5 leads to, and for I1)_ I < 5,
defining 1131as, for 11)91> 5 leads to, and for 1_)91 < 8,
where )29 = fi3"l?. M_ and M 9 have the property, 
then the additional artificial dissipation for eigen-value limiting in the _ direction to be added to Eqn. 66 is,
and 6- 
The fluctuation is distributed to the nodes using,
where COE stands for contributions from other elements.
The distribution can be expressed in a more compact form,
where Eqn. 48 is used to define, 
where,
Further, the consistent temperature gradient is,
The viscous fluctuation is then distributed to the nodes,
An alternate approach to integrating the viscous flux is obtained by using the divergence theorem, 
where [ is a tangent vector with components (-n y, n×).
Haselbacher's approximation neglects all tangential terms and approximates V. V _-n×Vu •ft + nYVv •ft.
Using the notation un = Vu.ft, etc., and including the axisymmetric terms gives the approximation, 
for node 0 of Figure 4 . Observe that this formulation is independent of the physical location of the ghost node, so the ghost node can be chosen to be infinitesimally close to the boundary node it supports. The solution state at the ghost node remains to be specified, and can be varied node-to-node.
The associated artificial dissipation is,
and the resulting distribution is, 
where the minus sign results from the choice of an outward unit normal, fi, to the control volume, which points into the wall at a boundary.
The solid wall is enforced weakly, by specifying the wall shear that will drive the flow momentum to zero and the heat flux that will drive the solution temperature to the desired wall temperature. An advantage of this weak approach is that wall heat transfer and skin friction are solved for directly, rather than as a post-processed least-squares reconstruction.
Using an explicit update, the wall heat flux can be isolated as, 
where the current node is node 0 and i takes on nodal values for each distance-one neighbor of the current node. Figure 7 . The finer meshes cover the same domain and are constructed similarly to the shown mesh.
A Mach-number contour plot for fluctuation splitting on the finest mesh is shown in Figure 8 , showing crisp discontinuity resolution and the correct postshock Mach numbers. The shock angles for all eight cases, i.e. finite volume and fluctuation splitting on each mesh, are measured to be correct within 4-1%
The L2-norms of the primitive-variables error at states C and D are plotted versus the characteristic mesh size in Figure  9 . The slopes of the regression lines are indicative of the order of accuracy with respect to grid convergence of the two schemes for this test case. The grid is shown in Figure  11 . A Mach-number contour plot using fluctuation splitting is shown in Figure 
Circular bump
A subsonic two-dimensional verification is performed on a 10 percent circular bump at Mach 0.1. The 1389-node mesh with isobars from the fluctuation splitting solution is shown in Figure 13 . A true incompressible inviscid flow would have symmetric isobars fore and aft, and zero drag. The fluctuation splitting drag coefficient, based on cord length is 0.0058. Finite volume predicts a drag coefficient more than twice as large, 0.0128. A lower fluctuation splitting drag coefficient is indicative of lower levels of artificial dissipation in the solution for this case.
Sphere
In a similar vein, Mach 0. as Figure  14 For this essentially incompressible case, the suppression of the vertical velocity due to excessive artificial dissipation is manifested by an increase in skin friction coefficient, as shown in Figure  18 , where the friction coefficient increases with running length for finite volume, but not for fluctuation splitting.
Recall that finite volume is continuously producing artificial dissipation over the length of the plate while the fluctuation splitting dissipation is restricted to the leading-edge region only. Figure  18 presents data from all three The surface pressure coefficient is plotted versus rotation angle from the stagnation point for both the fluctuation splitting and finite volume solutions, along with the LAURA and FUN2D results in Figure  21 .
The LAURA, FUN2D, and fluctuation splitting curves all over-plot, and the finite volume solution nearly over-plots, being 1 percent low at the stagnation point and slightly high by a similar amount 90 degrees away.
The calculations were repeated on a grid coarsened by a factor of four (skip of two in both structured-grid directions), with surface pressure results plotted in Figure 22 along with the fine-mesh LAURA solution. Rotation degrees from stagnation point 
